arXiv:1504.07039v3 [math.RT] 23 Jul 2015 


Twisting functors for quantum group modules 


Dennis Hasselstr0m Pedersen 


Abstract 

We construct twisting functors for quantum group modules. First over 
the field Q{v) but later over any Z[v, u“^]-algebra. The main results in 
this paper are a rigerous definition of these functors, a proof that they 
satisfy braid relations and applications to Verma modules. 
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1 Introduction 

Twisting functors were first introduced by S. Arkhipov (as a preprint in 2001 
and published in [Ark04 | ). H. Andersen quantized the construction of twisting 
functors in |And03| . Each twisting functor T^, is defined via a so called semi¬ 
regular bimodule . By the definition in [And03] its right module structure is 
not clear. Our first goal is to demonstrate that is in fact a bimodule. We 
verify this by constructing an explicit isomorphism to an inductively defined 
right module. The calculations are in fact rather complicated and involve several 
manipulations with root vectors, see Section [5] below. At the same time these 
calculations will be essential in |Pedl5a| and [Pedl5b| . 

Once we have established the definition of the twisting functors we prove 
that they satisfy braid relations, see Proposition 13. Ill In the ordinary (i.e. non¬ 
quantum) case the corresponding result was obtained by O. Khomenko and V. 
Mazorchuck in [KM05] . Our approach is similar but again the quantum case 
involves new difficulties, see Section |31 This section also contains an explicit 
proof of the fact that, for the longest word wq G W, the twisting functor 
takes a Verma module to its dual, see Theorem l3.91 

The above results have several applications in the representation theory of 
quantum group: They enable us to construct so called twisted Verma modules 
and Jantzen filtrations of (twisted) Verma modules with arbitrary (non-integral) 
weights and to derive the sum formula for these. In turn this simplifies the 
linkage principle in quantum category Oq, q being a non-root of unity in an 
arbitrary held. 
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1.2 Notation 


In this paper we work with a quantum group over a semisimple Lie algebra g 
defined as in |.Tan96| . Let $ (resp. $+ and $“) denote the roots (resp. positive 
and negative roots) and let 11 = {ai,..., a„} denote the simple roots. The quan¬ 
tum group has generators {Ea, Fa,Ka\a € 11} with relations as found in |Jan96| . 
Let Q = denote the root lattice. Let (aij) be the cartan matrix for g and let 
(•j-) be the standard invariant bilinear form. Let A = span^ {wi,... ,a;„} C t)* 
be the integral lattice where Wi € f)* is the fundamental weights defined by 
{uji\aj) = Sij. At first we work with the quantum group defined over 

Q(v) but later we will specialize to an abitrary field and any nonzero q in the 
field. This is done by considering Lusztig’s A-form Ua where A = Z[v, v~^], see 
SectionUl For any A-algebra R; Ur = Ua®aR- We will later need the automor¬ 
phism io of Uv and the antipode S defined as in |,Tan96| along with the definition 
of quantum numbers [nip and quantum binomial coefficients. We use the nota¬ 
tion = -pjj and similarly for F. The Weyl group W is generated by the sim¬ 
ple reflections Si = Scu ■ For a u> S VF let 1 (w) be the length of bF i.e. the smallest 
amount of simple reflections such that w = sq • • ■ . As usual we define for a 

weight fj, € A the weight space := {u G Uy\KaU = for all a € 11}. 

For a fi G Q, is defined as follows: = nr=i if M = ELi Ti^ere 

is a braid group action on the quantum group Uy usually denoted by where 
Si is the reflection with respect to the simple root aq In this paper we will 
reserve the T for twisting functors so we will call this braid group action R 
instead. That is we have automorphisms R^^ such that 

Rsi Eai = - Fa^ Ka. 

Rs,E^,= E 

r-\-s——aij 

FisiFai = - K~^Fa- 

r+s=—aij 

RsiKfi —Fg^(^^y 

Our definition of braid operators follows the definition in |■Tan96| . Note that 
this definition differs slightly from the original definition in [Lus90] (cf. [Jan96[ 
Warning 8.14]). 

The inverse to Rg^ is given by 

= E , if * ^ J 

r+s=—aij 

RJi^Ea- = - Ea^Kai 

r+s=—aij 

=Kgy^j,). 

For w gW with a reduced expression sq • • • sq, Rw is defined as Rg^ ■ ■ ■ Rg. . 
This is independent of the reduced expression of w. An important property of 
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the braid operators is that if ai^,ai^ S If and w{oii^) = ai^ then Rw{Fa ^^) = 
Fai ■ These properties are proved in Chapter 8 in [Jan96] . 

For a reduced expression of wq we can make an ordering of all the 

positive roots by defining 

fij := (cxij), j — ^ 

In this way we get {/3i,... ,I3n} = We could just as well have used the 
opposite reduced expression wq = Si;^ • • ■ . In the following we will sometimes 

use the numbering and sometimes the numbering ■ ■ ■ Si^^. Note that 

if w = Sij • • • Si^ and we expand this to a reduced expression Si^ ■ ■ ■ 
we get {/3i, . ..,/3r} = $'''nw(<i)“). We can define ’root vectors’ Ff}.,j = 1,... ,N 
by 

T/3j := Rsi^ ■ • • Rsi._^ 

Note that this definition depends on the chosen reduced expression. For a 
different reduced expression we might get different root vectors. As mentioned 
above if /3 G 11 then the root vector Fp defined above is the same as the generator 
with the same notation (cf. e.g [.Tan961 Proposition 8.20]) so the notation is not 
ambigious in this case. Let w & W and let Si^ ■ ■ ■ be a reduced expression 
of w. Define Fp^ by choosing a reduced expression ■ ■ ■ sn of wq 

starting with the reduced expression • • • Si^ of w~^. We define a subspace 
U~ (w) of U~ as follows: 

U~{w) := spanQ(„) i^F^^ ■ ■ ■ G n| 

where Fp. = Rg-^ ■ ■ ■ Rst {Fa-.) as before. The definition of U~ {w) seems to 
depend on the reduced expression of w. But the subspace is independent of the 
chosen reduced expression. This is shown in [Jan96[ Proposition 8.22]. We will 
show below that U~ (w) is a subalgebra of U~ and that 

U-{w) = spanQ(„) |f^; • ■ • ja^ G n| . 

For a subalgebra N C Uy we define N* = 0^ N* (i.e. the graded dual) 
with the action given by {uf){x) = f{xu) for u G Uy, / G N*, x G N. We 
define ’the semiregular bimodule’ Sy := Uy U~{w)*. Proving that this 

is a CA-bimodule will be the first main result of this paper. We will show that 
there exists a right module structure on S'!^ such that as a right module is 
isomorphic to Uy {w T ®UG(U,) Uv 

2 Calculations with root vectors 

Let A = Z]u,u“^]. Lusztigs A-form is defined to be the A subalgebra of Uy 
generated by the divided powers and for n G N and 

We want to define U^{w) = span^ ^ '"^bere the F^j. 

are defined from a reduced expression of w like earlier. We have U^ (wo) = U^ 
so we want a similar property over A: U^{wo) = U^ where U^ is the A- 
subalgebra generated by {Fi”^|n G N, i = 1 , • ■ ■, n}- This is shown very similar 
to the way it is shown for Uy in |Jan96j . 
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Lemma 2.1 Assume g does not contain any G 2 components: 

1. The subspace Ua(w) := span^ ja^ G n| depends only on 

w, not on the reduced expression chosen for w. 

2. Let a and j3 be two distinct simple roots. If w is the longest element in 
the subgroup of W generated by O'^d Sb then the span defined as before 
is the subalgebra of Ua generated by and F^\ a, & G N. 

Proof. Claim 2. is shown on a case by case basis. We will show first that the 
second claim implies the first. 

We show this by induction on l{w). If l{w) < 1 then there is only one 
reduced expression of w and there is nothing to show. Assume l{w) > 1 and 
that w has two reduced expressions w = Sq^Sq.^ • • • Sa^ and w = S 7 iS.y 2 • • • s~^^. 
We can assume that we can get from one of the reduced expression to the other 
by an elementary braid move {saSp ■ ■ ■ = spSa ■ ■ ■)■ Set a = ai and 7 = 71 . 

If a = 7 , set w' = SaW. Then the subspace spanned by the elements as in 
the lemma is for both expressions equal to: 



RsAUxiw')) 


( 1 ) 


If a ^ 7 then the elementary move must take place at the beginning of the 
reduced expression for both reduced expressions. Let w" be the longest element 
generated by Sa and s.y then we must have w = w"w' for some w' with l(w") + 
l(w') = l{w) and the reduced expression for w' in both reduced expressions are 
equal whereas the reduced expressions for w" are the two possible combinations 
for the two different reduced expressions. So the span of the products is given 
by U^{w')Rw"{U~^{w")) which is independent of the reduced expression by the 
second claim. 

We turn to the proof of the second claim: First assume we are in the simply 
laced case. Then w = SaSpSa = spSaSp. Lets work with the reduced expression 
SaSpSa- The other situation is symmetric by changing the role of a and /3. We 
want to show that 

B := G n)^ = span^ G n} =: F (2) 

where = Ra{F^^). By |Lus90| section 5 we have that F^^^ G for all 
a G N and we see that 

t,s>0 

where the restrictions on the sum is s+t = k' and s+t = k. Lusztig calculates for 
the Fa’s but just use the anti-automorphism ft (defined in Section 1 of [Lus9fl| f 
on the results to get the corresponding formulas for the F’s. Also we get the 
(—I)'* from the fact that (using the notation of [Lus90] f £'12 = —£a 2 (^ai) 
because of the difference in the definition of the braid operators. Since G 

we have that V d B. If we show that V is invariant by multiplication from 
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the left with and for all a S N then we must have B C V. For 

(k) 

this is clear. For , k € N we use the formula above: 



E /i \s -d(tr+s) p(r) p(s) p(t) p(a2) ^(03) 
t,s >0 

_ \ ' (_T\s —d{tr+s)+dta2 -pir) -p{s) ^(02) p(i) ^(03) 

“ V -Lj ^a+P^a+P^P ^P 


t,s>0 


t,s>0 


d{tr-\-s)-\-dta 2 

s + a 2 

t 


s 

t 


T7’(r) -rp{s+a2) ^(t+as) 
'^q;+/3 


We see that C V so V = B. 

In the non simply laced case we have to use the formulas in |Lus90| section 
5.3 (d)-(i) but the idea of the proof is the same. If there were similar formulas 
for the G 2 case it would be possible to show the same here. I do not know if 
similar formulas can be found in this case. The important part is just that if 
you ’v-commute’ two of the ’root vectors’ F^^ and F^_ you get something that 
is still in Ua- Q 


Lemma 2.2 

UXiwo) = UX 


Proof. It is clear that U^{wo) C U^. We want to show that Fi^'^U^{wo) C 
Ua{wo) for all o G 11. 

U^(wq) is independent of the chosen reduced expression so we can choose 
a reduced expression for wq such that Sa is the last factor. Then the first root 
vector Fp^ is equal to Fa. Then it is clear that F^'^U^{wq) C U^{wo). Since 
this was for an abitrary simple root a the proof is finished. (This argument is 
sketched in the appendix of (LusQO].) □ 

Corollary 2.3 We get a basis of by the products of the form • • ■ Fpl^^ 
where ai,... ,aN G N. 

Corollary 2.4 U^{w) = U~(w) fl Ua- 

Proof. Assume the length of w is r and define for k = {ki ,..., kr) G N’' 

p(fe) _ p(^l) p(fer) 

r ■■■-^Pr ■ 

It is clear that U^{w) C Uf {w)riUA. Assume x G Uf {w)r\UA. Since x G Uf {w) 
we have constants Ck G Q(v), k € W such that 

kGN^ 

Assume the length of wg is N and denote for n G N-^, like above for 

w. Uf(w) n C/a C Ufiwo) n C/a = U^{wg) {U^{wg) C Ufiwg) n Ua clearly 
and U^iwg) is invariant under multiplication by C/^.) so there exists bn G A, 
n G such that 

fceN" 
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But then we have two expressions of x in U~(w) expressed as a linear combi¬ 
nation of basis elements. So we must have that the multindieces are zero on 
coordinates > r and that all the Ck are actually in A. This proves the corollary.D 

Definition 2.5 Let x € (C4)/i and y G (Uv)^ then 

[x, y]y := xy - v~^^''"''>yx. 

Proposition 2.6 For xi G X 2 G {Uv)iJ .2 V € {Uv)-y we have 

[xiX2,y]v = xi[x2,y]v + v~'^'^''^'^\xi,y]yX2 

and 

[y,xiX2]v = v~'''*^'^^'>xi[y,X2]v + [y,xi]yX2. 


Proof. Direct calculation. □ 

We have the following which corresponds to the Jacobi identity. Note that 
setting V = 1 recovers the usual Jacobi identity for the commutator. 

Proposition 2.7 for x G y G {Uy)^ and z G {Uy)j we have 

[[x,y\y,z\y = [x, [y, [x, j [x,z\yy 


Proof. Direct calculation. □ 

For use in the theorem below define: 

Definition 2.8 Let A = Z[u,u“^] and let A! be the localization of A in [2] 
(and/or [3]^ if the Lie algebra contains any Bn,Cn or part (resp. any G 2 
part). Let w G W have a reduced expression . Define (3j and Fp., 

i = I, - ■ ■ ,r as above: (3j = • • • Si^_i and Fp. = ■ ■ ■ Rsi._^iFa,.). 

We define 

U/,{w) = span^, • • • F'^f\ai, ..., G n| 


This subspace is independent of the reduced expression for w. This can be 
proved in the same way as Lemma 12.11 using the rank 2 calculations done 
in [Lus90| . 

The main tool that will be used in this project is the following theorem 
from |DP93i thm 9.3] originally from [LS911 Proposition 5.5.2]: 

Theorem 2.9 LetFp. andFp. be defined as above. Leti < j. Let A = Z]u,u“^] 
and let A' be the localization of A in [2] (and/or J3]^ if the Lie algebra contains 
any Bn,Cn or F 4 part (resp. any G 2 part). Then 

[Fp ^, Fp/y = Fp^Fp, - G span^, [f'^ • • • F;)/) } 
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Proof. We shall provide the details of the proof sketched in |DP93| . The rank 
2 case is handled in |Lus90| . Note that in |Lus90| we see that when ^ = 2 (in his 
notation) we get second divided powers and when /i = 3 we get third divided 
powers. This is one reason why we need to be able to divide by [2] and [3]. 

So we assume the rank 2 case is proven. In particular we can assume there is 


no G 2 component. Let k eN, k < j. Then ,Fpk] = {Fca .), ]i 

so we can assume in the above that i = \. We can then assume that j > 2 be¬ 
cause otherwise we would be in the rank 2 case. We will show by induction over 


I G N that 


G span^, ■ • • P;;- } 


for all 1 < f < L The induction start Z = 2 is the rank 2 case. Assume the 
induction hypothesis that 


[Fp,,Fp,], = Fp,Fp, - G span^, {f;= ■ • • F;^ } 

for t <1. We need to prove the result for I + 1. We have /3/+i = • s^, (aii+J. 

Now define i = ii and j = ii+i. Set w = Si^ ■ ■ So /3i+i = wsi{aj) and 

= RwRsi{Fa^)- Define a = We need to show that 

[Rn,Rsi {Faj), Fa]v S span^, I. 

We divide into cases: 

Case 1) {ai\aj) = 0: In this case RwRsiiFa^) = Rw{Fa^)- Since SiSj = 
SjSi there is a reduced expression for wq starting with Si^ ■ ■ -si-iSjSi. So the 
induction hypothesis gives us that [Rw{Faj), Fa-^^]v can be expressed by linear 
combinations of ordered monomials involving only Fp^ ■ ■ ■ Fp^_^. 

Case 2) {ai\aj) = —1 and l{wsj) > l{w): In this case wSiSj{ai) = w(aj) > 

0 so there is a reduced expression for wq starting with Si-^ ■ ■ ■ Si^_-^SiSjSi = 

Sii ■ ■ ■ Sii_^SjSiSj. So we have by induction that [Rw{Faj )t Fiy\v is a linear com¬ 
bination of ordered monimials only involving Fp^ ■ ■ ■ Fp^_-^. 

Observe that we have 

T/3i + i =RwRsi{Fa-) 

=Rw{Fa^Fai - vFa^Fa^) 

=Rw{Fa^)Fp^ — vFp^Ru]{Fa^) 

= [Rw{Faj), Fpj]y 

so by Proposition 12 . 71 we get 

[Fp,_^_i, Fa]y =[[Rw{Fa.),Fp,]y,Fa]y 

= [Fp„Fy,]y]y - U " ^ ^ [Fft , . 

^^-(A|a+»(a,)) (^-1 [F^(F„J,F„]„Fft. 

By induction (and PropositionUjH) [Rw{Fa^), [Fp^ , Fa]v]v and [Fp^ , [Rw{Fa^), Fa]v]v 
are linear combinations of ordered monomials containing only Fp^, ..., F^,_j so 
we have proved this case. 
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Case 3) {ai\aj) = — 1 and l{wsj) < l{w): In this case write u = wsj. We 
claim l{usi) > l{u). Assume l{usi) < l{u) then 

l{w) + 2 = l{wSiSj) = l{uSjSiSj) = l{uSiSjSi) < l{u) + 2 = l{w) + 1 

A contradiction. So there is a reduced expression of wq starting with usi. We 
have = RwRsiiFaj) = so we get 

[Fpi + l^Fa]v = [Ru{Fai), Fa]v 

Now we claim that either u~^{a) = aj or u~^{a) < 0: Indeed < 0 so 

u~^{a) is < 0 unless w~^{a) = —aj in which case we get u~^{a) = SjW~^{a) = 
Sj{—aj) = aj. If a = u(aj) we get 

[Ru{Fai),Fa]v = Ru{[Fai,Fa^]v) = Ru{Rsj{Fai)) = Rw{Fai) = A/3, 

In the other case we know from induction that 

[Ru{Fai),Fa\v e U^,{u~^) 

Now U^,{u~^) C U^,{sjU~^) = U^,{w~^) so we get that [Ru{Fai) , Fa\v can 
be expressed as a linear combination of monomials involving Fa = and 
the terms ■ ■ ■ Fij^_^. Assume that a monomial of the form F^F'^'^ ■ ■ ■ Fp‘~^ 
appears with nonzero coefficient. The weights of the left and right hand side 
must agree so we have wsi{aj) + a = X]fc =2 


i-i 

wsi{aj) = ^ akPk + (m- l)a 

k =2 

Since w~^{f3k) < 0 for fc = 1, 2,... / — 1 (and a = /3i) we get 


i-i 


ai + aj = w ^wsi(aj) =''^^akW ^(/3k) + (m — l)w ^(a) < 0. 

k =2 

Which is a contradiction. 

Case 4) {aj,a3) = — 1 , {ai\aj) = —2 and l{wsj) > l{w): Here we get 

F/3i+i = RwRsi{Faj) = RwiFajFai—v'^FaiFaj) = Rw{Faj)Fpj—v'^ Fp^Ryj^aj) 


[Rw{Faj),Fi3,]y 


From here the proof goes exactly as in case 2. 

Case 5) {aj,a3) = —2, and l{wsj) > l{w): First of all since l{wsj) > l{w) 
we can deduce that l{wSiSjSiSj) = l{w) + 4: We have —/3/+i + 2wSiSj{ai) = 
wSiSjSiioij) = w(aj) > 0 showing that we must have wSiSj{ai) > 0 . 

We have 


Aft + i = RwRsiiFaj) = Rw{FaiFjj^ — vFajFaiFaj + v"^ F^^)> Fai) 


We claim that we have 


RsiiFaj) = pj {RsiRsj{Fai)Fai - Aq, i?s, ( Aq, j) 



This is shown by a direct calculation. First note that 


RsiRsAFai) = Rg RsjRsiRsAFaA = Rs.iFai) = Fa, Fa- -V Fa^F^ 


So 


RsiRsj{Fai)Fai - FaiRsiRsj{FaA =Fa^Fa. - V^Fa^Fo 


P _ P p p ,, 2 p 2 p 

j Oii ^ OCi-^ Oij ^ Oii I ^ ^ OLi^ OL 
2tp2 


=Fa,Fi^ - v[2]Fa,Fa,Fa, + V^F^^R 

= [2]RsAFaA- 


Therefore 


FjSi+i = pj {RwRsiRsj{Fai)Fpi - Fp^RyjRs^Rs^iFaA) 
— J^[RwRsiRsj (Fat), Fp^jy 

= pj[[-^u)(^a3)i Fp^jv, F/3,]u 

By Proposition 12.71 and the above we get 


[RiuRsi Rsj {FaA, Fa]V = [[-R«i {Fa^ ) , F/ 3 i]u, -Fq] u 

= [Rw{FaAj [Fl3,,Fa]v]v - v'^[F^,, [Rw{FaA ^ Fa]v]v 
+n"-(“IA) {v-^ - v^) [R^iFaA,Fa]vFf,, 

which by induction is a linear combination of ordered monomials involving only 
F )32 ,..., Fp^. Using Proposition 12.71 again we get 


[ 2 ] [Fpi^x, Fa\v 


= Rsi Rsj {Fai ),Fp^]y,Fa]v 
= [RwRsiRsj {Fat), [Fp^,Fa]v]v 


[Fpi, [RwRsiRsAFai), Fa]v]v 


which by induction and the above is a linear combination of ordered monomials 
involving only Fp^,...,Fp^. 

Case 6 ) {ai\aj) = —2, l{wsj) < l{w) and l{wSjSi) < l{wsj): Set u = 
wSjSi- We claim I {us A = l{usj) > l{u). Indeed suppose the contrary then 
l{w) + 2 = l{wSiSj) = l{uSiSjSiSj) < l{u) + 4 = l{w) + 2. We reason like in 
case 3): We have Fp^_^^ = RwRsAFaA = RuRsiRsiRsi{FaA = Ru{FaA- Now 
either u~^{a) = a^, u~^{a) = Si{aj) or u~^{a) < 0. If u~^{a) < 0 we get by 
induction that [Fa, Ru{Faj)]v is in C UAA'^~A by essentially the 

same weight argument as in case 3) we are done. 

If a = u{ai) then 

[Ru {Faj ),Fa]v = [Ru {Faj ),Ru{Fai)\v 

=Ru{FajFai — V^Fa^FaA 

_ iRuRsi{FaA if {o^j^Ai) = -1 

[RuRsiRsAFaJ ii{aj,aY) = -2 

So [Fa, Ru{Faj)]v € U^A^i^j^i'^~^) = U^,{siW~^). Assume we have a mono¬ 
mial of the form F^^F^^ ■ • • F^^ with m nonzero in the expression of {Faj), Fa]v 
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Then 


and we get 


i 

wsi{aj) = ^ UkPk + (m - l)a 


i 

cxj = ^^akSiW~^{Pk) + (m - l)siW~^{a) < 0. 

k^2 


A contradiction. 

If a = uSi{aj) then 


[Ru{Faj)^ Fa\v =Ru[Faj , Rsi [Fa^ )]« 

= Ru{Faj Rsi {Faj ) - V~‘^Rsi {Fa^ )Fa^ ) 

=Ru{RsiRsjRsi{Faj)Rsi{Faj) - V~'^ Rsi{Fa^) RsiRsj RsiiFajj) 

Which is in U^i{siSjSiU~^) = U^,{siW~^) by the rank 2 case. By the same 
weight argument as above we are done. 

Case 7) {ai\aj) = —2, l{wsj) < l{w) and l{wSjSi) > l{wsj): Set u = wsj. 
Like in case 3) we get that either u~^{a) = aj or u~^{a) <0. If a = u{aj): 

[F0i_^i^ Fc^^y = Ru[RsjRsi^Fa^)^ G Uj^fi^SiSjU ) = U^/i^SiW ) 


And by a weight argument as above we are done. 

If u~^{a) < 0 then a = for some i € {1,..., 1 — 2} where the /3's are defined 
as above but using a reduced expression of u. Set /3;_i = u{aj), /3; = usj{ai) 
and = uSjSiioij) = wsi{aj) = /3/+i. Then 

[Ffii^^-,Fa\y = Fp'^y G Uj^,{siSjU ) = U^,{siW ) 

by induction and by a weight argument as above we are done. □ 

Lemma 2.10 Let wq = Si^ ■ ■ ■ Si,^ and let Fp. = Rs^^ ■ ■ ■ Rsi ^ (Ah. ) let l,r G 
{1,..., A^} with I < r. Then 

spanQ(„) {... F“; loj e n} = spanQ(„) | • • • F“; joj S n| 

and the subspace is invariant under multiplication from the left by Fp^, i = 
l,...,r. 


Proof. If r — ? = 0 the lemma obviously holds. Assume r — I > 0. For k G 
N'’“^ k = (ki, .. ., ky) let F^ = F^} ■ ■ ■ F^''. We will prove the statement that 

e spanQ(„) \^F^f ■ ■ ■ F^^ \aj S n| by induction over fc; H- \-kr. If fc = 0 the 

statement holds. We have 


pk 


=Fh^F;i 


f: 


ft+l 



By induction F^} ^Fp}*} ■ • • F^f G spanQ(„) • ' ' Fp‘ \aj e n| so if we show 

that Fp.Fp} ■ ■ ■ e spanQ(„) ^F^f ■ ■ ■ F^‘Jai G n| for all bi, i = l,...r then 
we have shown the first inclusion. 
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We use downwards induction on j and induction on bi + ■■■ + br- If j = r 
then this is obviously true. If j < r we use theorem 12.91 to conclude that 

G spanQ(,) {f^;- • • • |a. G n} 

If = 0 the induction over j finishes the claim. We get now if 6 ^ 7 ^ 0 

{PprFp.F ^^:-^... Fp^ + EF^^-i... F^^;) 

where S G spanQ(„) ''' Fp^^^ \ai G n|. By the induction on 6 ^ +- \-bi 

Fp-Fp^~^ • • • F^J G spanQ(„) \^F^^ ■ ■ ■ F^‘ \ai G n| and the induction on j en¬ 
sures that SF^^“^ • ■ • Fp‘ G spanQ(„) \^F^^ ■ ■ ■ F^^ \ai G n| since S contains only 
elements generated by Fp^_^ ■ ■ ■ Fp^. 

We have now shown that 

spanQ(„) |f^‘ • • • F^; Ioj G n| C spanQ(^) |f^; • • • F^‘ G n| 


The other inclusion is shown symmetrically. In the process we also proved 
that the subspace is invariant under left multiplication by Fp.. □ 

Remark The above lemma shows that U^iw) is an algebra. 


Definition 2.11 Let p G d>'^ and let Fp be a root vector corresponding to /3. 
Let u G Uq. Define a,d{Fp){u) := [[.. .[u,Fp]y .. .]y,Fp]y and ad(F^)(u) := 
[F^, [..., [F^, u\y ...]]« where the ’v-commutator’ is taken i times from the left 
and right respectively. 


Proposition 2.12 Let u G (Ua)^!, P S and Fp a corresponding root vector. 
Set r = (/i,/3'^). Then in Ua we have the identity 


n—0 

and 

Sd(F^)(u) = ’')f(*-")uf(") 

n—0 

Proof. This is proved by induction. For i = 0 this is clear. The induction step 
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for the first claim: 


n—0 

n—0 

= W^! + 1 - n]Fj”)uF^*+'-") 

n—0 

- [z];,! 

n—0 
i+1 

= w- ^(-l)"r;;(—’') (r;^[z + 1 - n] + z;^—M^]) 

n—0 

i+1 

=[*+1]/?! 

n—0 

The other claim is shown similarly by induction. □ 

So we can define ad(F^*^)(zt) := ([z]!)“^ ad(F^)(M) G Ua and ad(J^^*^)(u) := 
([z]!)-iS(F^)(zz) G Ua. 

Proposition 2.13 Let a G N, zz G {Ua)^ and r = (/i,/3'^). In Ua we have the 
identities 

a 

=^^;b-a)(r+d^^a-^) ad(P«)(zz) 
z^O 

z^O 

and 

a 

P^“)zz = ^ z;^*-“)(’'+')Sd(F«)(zz)F^“-*) 

z^O 

i=0 

Proof. This is proved by induction. For a = 0 this is obvious. The induction 
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step for the first claim: 


[a + =uF^p^Fp 

a 

= E ^d{Ff){u)Fp 

i^O 

a 

= E 1 ad(Ff)(w) 

i^O 

+ jz +iio^'i”^*’ ‘‘■i(^’r'’)(“) 

2^0 

= E + 1 - ad(F«)(u) 

2^0 

a +1 

+ ad(i^f )(u) 

2^1 

a +1 

= E (V”[« + 1 - *]/5 + ad(F«)(zi) 

2^0 

a +1 

= [a + 1];3 ad(i^f )(u). 

i=0 

So the induction step for the first identity is done. The three other identities 
are shown similarly by induction. □ 

Let Sij ... Si„ be a reduced expression of wq and construct root vectors Tjg^, 
i = 1,... , A^. In the rest of the section Fp^ refers to the root vectors constructed 
as such. In particular we have an ordering of the root vectors. 

Proposition 2.14 Let 1 < i < j < N and a,b G Z>o. 

> F^i]v € spanQ(„) [Ppi--- Fp^, \ai G N, Oi < a, aj < fcj . 

Proof. From Theorem 12.91 we get the a = 1, 6 = 1 case. We will prove the 
general case by 2 inductions. 

If j — i = 1 then [F/ 3 ^, = 0 for all a. We will use induction over j — i. 

We have by Proposition 12.61 that 

The first term is in the correct subspace by Theorem l2.9l On the second we use 
the fact that [F/Sj,only contains factors F^^^^ ■ ■ ■ and the induction 

over j — i as well as induction over a to conclude that we can commute the Fp~^ 
to the correct place and be in the correct subspace. 

Now just make a similar kind of induction on i — j and b to get the result 
that 

[Fpj > F^i]v e spanQ(„) |f^; • • • F^^, \ai G N, Ci < a, aj < fcj . □ 
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Corollary 2.15 Let 1 < i < j < N and a,b € Z>o. 

e span^ Vi e N, a, < a, a, < &} . 


Proof. Proposition 12. 141 tells us that there exists Ck G Q(v) such that 


with < a and 
bk G A such that 


F/3, J 


— ^ CfcF^ 


K) 


■F, 


K) 


< 6 for all k. But since 


rz7’(^) 

i^/3. 




/3i 


■F, 




/3iv 


G Uj^ there exists 


Now we have two expressions of [P'V’ ™ terms of a basis of 

must have that the c^’s are equal to the bk’s. Hence Ck & A for all k □ 


Lemma 2.16 Let n G N. Let 1 < j < k < N. 

ad(PV)(j1:^) = 0 <^rid ^(F«)(W = 0 /or z » 0. 

Proof. We will prove the first assertion. The second is proved completely sim¬ 
ilar. We can assume f3j = 1 because 


ad(FV)(^/3?) = Ts, 


■T.. 



So we assume /3j = /3i =: /3 G H and a := jdk = Si^ ... Si^_^{ai. ) G $+. We have 


ad(F^)(FV) G span^ G N,afe < n} , 

hence the same must be true for ad(FV)(Fi"^). By homogenity if the monomial 
appears with nonzero coefficient then we must have 


or equivalently 


Use sp on this to get 


k 

i/3 -I- na = E asPs 

s=2 


k-1 

(n - ak)a = ^ - ip. 

s=2 


s-1 

(n - ak)si3{a) = ^ asS/3(/3s) + iP- 

s=2 

By the way the /3s’s are chosen sp{Ps) > 0 for 1 < s < fc. So this implies that 
a positive multiple (n — aj) of a positive root must have ifi as coefficient. If 
we choose i greater than nd where d is the maximal possible coefficient of a 
simple root in any positive root then this is not possible. Hence we must have 
for i > nd that ad(PV)(-^a”^) = 0. □ 
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In the next lemma we will need to work with inverse powers of some of the 
J^/s’s. We know from e.g. |And03| that {F^\a G N}, a G n is a multiplicative 
set so we can take the Ore localization in this set. Since is an algebra 
isomorphism of Uy we can also take the Ore localization in one of the ’root 
vectors’ Fp.. We will denote the Ore localization in Fp by Uy(^Ffj)- 

Lemma 2.17 Let f3 G d*''" and Fp a root vector. Let u G iUy)^ be such that 
a,d{F^)(u) = 0 for i ^ 0. Let o G N and set r = Then in the algebra 

Uy(Ff,) we get 



and if u' G {Uy)^ is such that ad{Fp){u') = 0 for i^ 0 



Proof. First we want to show that 


OO 


ad{F^p){u)F^^ =Y,v7 


— 2k 77’—fc+i—1 
^0 


ad(F|)(u). 


(3) 


k—i 


Remember that ad{Fp){u) = 0 for A: big enough so this is a finite sum. This is 
shown by downwards induction on i. If i is big enough this is 0 = 0. We have 


Fpad{F^p)iu) = ad{F;+^)iu) + v^^-^\d{F^p){u)Fp 


SO 


ad(F^)(u)F^-i =F^^adiF;+^){u)F^^+v^^-^^F^\d{F^p)iu) 


OO 



k—i-\-l 


OO 




k—i 


P 0 


—r — 2k p—fc+i—1 

A? 


ad(F|)H. 


Setting i = 0 in the above we get the induction start: 



k>0 

For the induction step assume 
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Then 


uFo 


=E 


i>Q 


=E^ 

2>0 






a + i — 1 
i 

a + i — \ 
i 


-1/3 




= EE^ 


(a+l)r —(0+1)2— 2 fe 


A;>0 i—0 


^ k>i 

a i — 1 
i 


F^-“-i-+d(F;)(zi) 


=E 


— (a+l)r —(a+ 2 )fe 


fc >0 


E^ 

^2 = 0 


{a-\-l)i-\-ak 


a i — 1 
i 


y“-^-'=ad+;)H. 


The induction is finished by observing that 


E' 

2=0 


— (a+l) 2 +afc 


a + z — 1 
i 


-1/3 




E' 

2=1 

k 

=<‘ + E'‘e 

2=1 

k 

=+" + E ^/3 


a + k 
k 



a-\- i 

a+2 

a-\- i — 1 

h/3 

i 

- + 

/3 

2 — 1 


a + i 


-E 


— 0(2— l)+afc 


a-\- i — 1 
i — 1 


a i 


k-l 

-E^ 

-I P i=0 


— ai-\-ak 


a + I 
i 


The other identity is shown similarly by induction. 


□ 


Definition 2.18 Let /3 £ $+ and let P be Fp a root vector. We define for n € N 


in U, 


(Fp) 


= H'-Fg 


.... = (f^y . 

Corollary 2.19 Let P £ and Fp a root vector. Let u £ be such that 

a.d{Fp'^){u) = 0 for z ^ 0. Let a £ N and set r = {fj,,P'^). Then in the algebra 
Uv{Ff,) we get 




2>0 


and if u' £ {Uy)^ is such that ad(T’^*^)(zz') = 0 for z 0 


Fr'Fg'u' =^ 


-(o-l-l)]—(a+ 2 )i 


ad(F^+(zz')i^| 


( —2 —o) 7^—1 

^/3 ■ 


2>0 


3 Twisting functors 

In this paper we are following the paper |And03] closely. The definition of 
twisting functors for quantum group modules given later and the ideas in this 
section are mostly coming from this paper. 
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We will start by showing that the semiregular bimodule S'™ is a bimodule 
isomorphic to U~ (w Uy as a right module. 

Recall how Uy{w), Sy and Sy{F) are defined: Let Si^ ■ ■ ■ Si^ be a reduced 
expression for w and F^. = ■ ■ ■ Rsi. ^ i^aij ) usual then 

Uyiw) = spanQ(^) |a* € n| , 

S: = Uy Uy{wr 

and for F G U~ such that {F“|a S N} is a multiplicative set 

SyiF) = Uy(F)/Uy 

where Uyt^p) denotes the Ore localization in the multiplicative set {F°‘\a G N}. 

In the following proposition we will define a left Uy isomorphism between S™ 
and Sy{Fi 3 ^) Sy where w' = Si^w. We will need some notation. Let m gN. 
We denote by fm^ G (Q(^)[^/ 3 r])* the linear function defined by fm\Fp^) = 
^m,a- We will drop the (r) from the notation in most of the following. For 
g G [/“ (w')* we define fm-g to be the linear function defined by: For x G C/“ (u>'), 
ifm • g){xFp^) = fm{Fp^)g{x). From the definition of Uf{w) and because we 
are taking graded dual every / G 17“ (ic)* is a linear combination of functions 
on the form fm ■ g for some m G N and g G U^iw') (by induction this implies 
that every function in 17“ (w) is a linear combination of functions of the form 
fml ■ • ■ fml ■ /mi for some mi,... ,mr G N). Note that the definition of fm 
makes sense for m < 0 but then /m = 0 . 

Proposition 3.1 Assume w = Si,. ■ ■ ■ Si-,^ = Si^w', where k is the length of w, 
then as a left Uy module 

S: = Sy{F0,) Sf 
by the following left Uy isomorphism 

ifk : ^ SyiF0,) <S)u. Sf 


defined by: 

^kiwSi fm ■ g) = uF^^~^K/ 3 ^ (g) (1 (g)g), u GUy,m GN,g G Ufiw')*. 

The inverse to ipk is the left Uy -homomorphism 'ipk '■ Sy{Fp^) (gjjjy S'f -G S'f 
given by: 

U G Uy.m G N,5 G Uff{w'Y. 


Proof. The question is if (pk is welldefined. Let f = fm ■ g- We need to show 
that the recipe for uFp^ (gi/ is the same as the recipe for u®Fp ./ for j = 1 ,..., fc. 
For j = k this is easy to see. Assume from now on that j < k. We need to 
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figure out what Fp.f is. We have by Proposition [57T3] (setting r = (/3j,/3fe)) 




= / -E 


(z—a)(r+z) 


2=0 


L*J/3 


/ a 

/ \ ' —m(r-\-i) 

E^/3 

m + i 

i 

\i=0 

/ 


E 

m + i 

i 

\i>0 



SO 


FpJ = J2 


— m(r+z) 


z>0 


m i 
i 


^d{F^pJ{Fp,)F;-j 
fm+^-(ydiF^pJiFp^)g)^ {xF^J 

/„+. • (^(F^J(F^,)g) j (xF|J 

/„+. • (Sd(F^J(Fft.)g) . 


Note that the sum is finite because of Lemma [2.161 

On the other hand we have that uFp. O / is sent to (using Lemma 12.1711 


uFp,Fp^^-^K0,®{l®g) 

= -E 


— (m+l)r —(m+2)z 


i>0 


m i 
i 


= «E' 


—mr—mt 


Fk 


i>0 


m + I 
i 


-1/3 


P^^7-™-^ad(P^^J(F^,)if;3, ®{\®g) 
F^l-^-^Kf,M{Fl^){Fp^)® (1 ® g). 


-1/3 

i—m—1 


Using the fact that d.d{Fp^){Fp.) can be moved over the first and the second 
tensor we see that the two expressions uFp. ® f and u ® Fp. f are sent to the 
same. 

So ifk is a welldefined homomorphism. It is clear from the construction that 
ipk is a Uy homomorphism. 

We also need to prove that -tpk is welldefined. We prove that uF^^Fi 3 .®{l®g) 
is sent to the same as uF^^ O {l^Fp.g) by induction over k — j. If j = fc — 1 we 
see from Lemma [2.171 and Theorem l2.9l that Fp^_-^Fp^ = v~^°’^dPk-i)p-^ 
and therefore uFp^Fpf,_^ (8> (1 0 g) is sent to 

= ^{raPu + {ra-l)Pk-^Pu)^p-l ^ . g). 

Note that because we have s.d{Fp^){Fp.) — 0 for all* > 1 we get Fp^_^{fm-i ■ 
g) = v~^^’‘-d(m-i)Pk) Using this we see that uF^^Fp^_^®{l®g) 

is sent to the same as uF^^ (8> (1 (8) Fpj^_^g). 

Now assume j — k > \. To calculate what uF^^Fp. (8 (1 ® g) is sent to we 
need to calculate F^^Fp^ By Lemma [2.171 

Fpr^'^d{Fl){u). 

/3 


p-mp — p p-m -(m+l)i 

^Pk ^Pi-^ ^Pi^pk Z^^P 
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So 


uFp;^Fp^®{l(^g) = u[v'^'-Fp^F^ 


Ph 


-E' 

i>l 


-(m+l)2 


m -\-1 — \ 
i 




By the induction over k — j (remember that ad{F^^)(u) is a linear combina¬ 
tion of ordered monomials involving only the elements • • ■ Fp^_-^) this is 

sent to the same as 


« I ® (1 ® 5) - E 

2>1 


m i — 1 
i 


Tp—m—i 


(g) (1 (8>ad(F^J(u)g) 


which is sent to 


2>1 

= vf^uKg^ ® /m-1 ■ 9 

i>l L 

= y(^Pk\Pk)uK-l ^ . ^Fp^g)^ 


m -\- i — 1 
i 


I/„+*_! • (ad(i^^J(u)g) 


m-\- i — \ 
i 


'fm+i-i ■ (ad(F^J(u)g) 


But this is what uF^^ (g (1 g PpjU) is sent to. We have shown by induction 
that is well defined. It is easy to check that ipk is the inverse to (pk- D 


Proposition 3.2 Let Si^ ■ ■ ■ Si^ be a reduced expression ofw€ W. There exists 
an isomorphism of left Uy-modules 

Sy = Sy{Fp^) g[/„ • • • ®C/„ Sy{Fpj^) 


Proof. The proof is by induction of the length of w. Note that S'® = Uy®kk* = 
Uy so Proposition 13.II with w' = e gives the induction start. 

Assume the length of w is r > 1. By Proposition 13.11 we have Sy = 
Sy(Fp^) 0[/^ sf. By induction S^' ~ Sy(Fp^_J 0Uv ■■■ Sy{Fpf). This 
finishes the proof. □ 

We can now define a right action on S'ff by the isomorphism in Proposi¬ 
tion [321 By first glance this might depend on the chosen reduced expression for 
w. But the next proposition proves that this right action does not depend on 
the reduced expression chosen. 

Proposition 3.3 As a right Uy module Sy = Uffiw)* 0Uv Uy 
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Proof. All isomorphisms written in this proof are considered to be right Uy 
isomorphisms. This is proved in a very similar way to Proposition 13.II We will 
sketch the proof here. 

For Z e {1,..., TV} define S'} = where U} = spanQ(„) • • • F^^\ai e N 

Note that S} = U~{w)* Uv We want to show that (C/})* ®ijl Uy = 

S}+^ Sy{F 0 ,). If we prove this we will have S} = S} S„(F/3j =.= 

SviFp^) i8)f7„ • • • <^Uv Sv{Fis^) = S}} as a right module and we are done. 

Let r = From Proposition 12. 131 we have 




(z—a)(r+i) 


2=0 




and by Lemma 12.171 we have 


VFt, = E 


— ar — {a-\-l)i 

^/3i 


i>0 


a + I — 1 

i 


-I A 


ad(F^,)(F;5jF^7 


by 


We define the right homomorphism ipi from Uy to S}+^(8)c/„ SylFp^) 


^lig ■ fm, ®u) = (g K/3 ,Fo^'- ^u. 


Like in the previous propisition we can use the above formulas to show that this 
is well defined and we can define an inverse like in the previous proposition only 
reversed. The inverse is: 

® 1) ® ^ Kp\. □ 

So we have now that S“ is a bimodule isomorphic to Uy U~{w)* as 

a left module and isomorphic to Up{w)* Uv as a right module. We want 

to examine the isomorphism between these two modules. For example what is 
the left action of on / (8> 1 G (U~{w))* Uy. 

Assume f = i.e. that /(F^ ''' 7s}) = <^^1,01 • • • (5m,,o,- Then 

we get via the isomorphism (Uy (w))* Uy = Sy(Fi 3 ^) (g)^/, • • • (gc/, ^^(Tsi) 

that / g u is sent to 

KprFpJ^^-^ g • • • g 

We want to investigate what this is sent to under the isomorphism Sy(Fi 3 ^) g;/,, 

• • • gc/, = Uy gy-(„,) (Up(w))*. To do this we need to commute u with 

then and so on. So we need to find u and m},... ,m( such 

that 

KpyF^r-^ ■ .. = uKp^F-;^'^-^ ■. ■ 


or equivalently 

Pi ^pi ^ pr ^pT ~ ^Pi ^Pl ^Pr ^pT 

Assume we have found such u and m},..., then the above tensor is sent to 

yT.:=i{{rn' + l)Pi\Pi)~^J 
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where / = ■ ■ ■ f^}. So in conclusion we have that f ®u & ({/„ {w))* ®u^(w) 

Uy maps to -(;5Dr=i((m'+i)ftlft)y (g) j £ {U~{w))* where / and u are 

defined as above. 

We have a similar result the other way: f £ Uy {U^ {w))* maps 

to t)“IDr=i((™+i)ftlft)?x (g / G ([/“(w))* Uy. So if we want to figure 

out the left action of u on a tensor / (g 1 we need to first use the isomorpism 
([/“(re))* Uy —>■ Uy ([/“(w))* then use u on this and then use 

the isomorphism Uy (U^iw))* ([/“(w))* Uy back again. 

In particular if m = Ka we have f = f and u = Note 

that if / = • • • fml then the grading of / is Yli=i so Kaif 0 1) = 

^(7+Er=i/3d«)j^^^ for / € (C/-H);. 

Definition 3.4 Let w € W. For a Uy-module M define a ’twisted’ version of 
M called “M. The underlying space is M but the action on M is given by: 
For m £ M and u £ Uy 

u ■ m = Ryj-i {u)m. 


Note that iiw,s£W and l{sw) > l{w) then since for u £ Uy 

and m £ u • m = Rs{u) • m = Ryy-i {Rs{u))m = i?(su,)-i (u)m. 


Definition 3.5 The twisting functor Ty, associated to an element w £W is the 
following: 

Ty, : [/„ —Mod -£ [/„ —Mod is an endofunctor on [/„ —Mod. For a Uy-module 
M: 


Ty,M = ®UyM). 


Definition 3.6 Let M be a Uy-module and X : Uy ^ Q(v) a character (i.e. an 
algebra homomorphism into Q(u)^. Then 

M\ = {m £ M\\/u £ Uy,um = X{u)m}. 

Let X denote the set of characters. Let wt M denote all the weights of M, 
i.e. wtM = {A € X\Mx ^ 0}. We define for p £ A the eharacter v^ by 
v^{Ka) = We also define We say that M only has integral 

weights if all its weights are of the form for some fi £ A. 

W acts on X by the following: For X £ X define wX by 

(u;A)('u) = X{Ryy-i(u)). 


Note that wv^ = 

We will also need the dot action. It is defined as such: For a weight p £ X 
and w £ W, w.p = v~^w{vP p.) where p = 5 X]/3e$ P usual. The Verma 
module M(A) for A G NT is defined as M{X) = Uy ® jj>o Q('c)a where Q(w)a 
is the onedimensional module with trivial Uif action and Uy action by A (i.e. 
Kf, ■ 1 = X{Kf,)). M{X) is a highest weight module generated by ua = 1 g 1- 
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Note that sends a weight space of weight to the weight space of 

weight w{fj,) since if we have a vector m with weight /i in a module M we get 
in "'M that 

Ka ■ m = Ryj~i{Ka)m = 

We define the character of a ?7„-module M as usual: The character is a 
map chM : X —)> N given by chM(p,) = dimM^. Let be the delta function 
6^(7) = iJ/i.7- We will write chM as the formal infinite sum 

chM = dimM^e^. 

fi^X 

For more details see e.g. IHiimnSj . Note that if we define 0/^6^) = 

S/i then ch’"M = ri;(chM) by the above considerations. 

Proposition 3.7 

chT-u,M{X) = ch M{w.X) 


Proof. To determine the character of TyjM (A) we would like to find a basis. We 
will do this by looking at some vectorspace isomporphisms to a space where we 
can easily find a basis. Then use the isomorphisms back again to determine what 
the basis looks like in TyjM{X). So assume w = Si^ ■ ■ ■ Si^ is a reduced expression 
for w. Expand to a reduced expression Si,^ ■ ■ ■ • Si-^ for wq. Let = 

spanQ(.jj) |ai G n|. Set k = Q{v). We have the canonical vector 

space isomorphisms 

U~{w)* Uy Uy kx =U~{w)* Uy (g)0 kx 

=U-{w)* (g)fc [/“ (g)fc kx- 

The map from the last vectorspace to the first is easily seen to be /(gju®! i—>■ /(g) 
M(g)l(g)l = f^u(S)Vx, / G Uy{w)*, u G Uy and vx = ligil G Uy®jj>okx = M{X) 
is a highest weight vector in M(A). 

So we see that a basis of Ty,M{X) = '^{Uy{w)* <8)[/-(„) Uy ®u^ M) is given 
by the following: Choose a basis for U~{w)* and a basis {uj}j^j for 

U^. Then a basis for Ty,M{X) is given by 

{fi®Uj ®Vx}i(^I,j(^J. 

So we can find the weights of Ty,M{X) by examining the weights of f ®u®vx 
for / G Uy{w)* and u G Uy . By the remarks before this proposition we have 
that Ka{f (g) 1) = v('y+F.i=i l^i\® f (g) Xa for / G Uy{w)y~, so for such / and for 
u G {U^)yy the weight oi f ®u®vx is ^11=1 ^*X. After the twist with w the 
weight is The weights 7 and fi are exactly such that w{^) < 0 and 

w{^jl) < 0 so we see that the weights of T„M(A) are {v^w.X\fi < 0} each with 
multiplicity P(/i) where V is Kostant’s partition function. This proves that the 
character is the same as the character for the Verma module M{w.X). □ 

Definition 3.8 Let A G X and M{X) the Verma module with highest weight A. 
Let w & W. We define 

M“(A) = TyyM{w-\X). 
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Recall the duality functor D : Uy — Mod Uy — Mod. For a Uy module 
M, DM = Hom(M, Q(z;)) is the graded dual module with action given by 
(xf)(m) = f(S(uj(m))) for x G Uy, f G DM and m G M. By this definition we 
have chDM = chM and D{DM) = M. 

Theorem 3.9 Let wq be the longest element in the Weyl group. Let A G X. 
Then 

Ty„M{X) ^ DMiwo.X) 


Proof. We will show that DTyjgM{wo.X) = M{X) by showing that DTy,gM{wQ.X) 
is a highest weight module with highest weight A. We already know that the char¬ 
acters are equal by Proposition [XT] so all we need to show is that DTy,^,M{w[).X) 
has a highest weight vector of weight A that generates the whole module over 
Uy. Consider the function g\ G DM^°{X) given by: 


9x{F^r-' 


We claim that 




Pi 


if On = • • • = oi = 0 
otherwise. 


>F, 


— Oi —1 


Pi 


® Vwn.x with Oi G N defines a basis for 


M'^° (A) so this defines a function on (A). In the proof of Proposition [XT] we 
see that a basis is given by / (8 > 1 0 ua G C/“(wo) <8 ) (8> M(A) = Tyy^M{X). We 

know that elements of the form f!^J ■ ■ ■ fml defines a basis of (C/“ )* = 17“ (wq)*- 

■ /mi 0 1 ® Uujq.a is sent to 


Under the isomorphisms of Proposition 13.31 ■ 




Tp—mi — l 






If we commute all the K’s to the right to the v\ we get some non-zero multiple 
of 

So we have shown that (8> • • • (8> 0 Vwo.xlmi G N} is a basis of 

M“o(A). 

The action on a dual module DM is given by uf{u') = f{S{oj{u)u')). Re¬ 
member that the action on (A) is twisted by Ry,a so we get that 

. .®Fp^^~^®Vy,y.x) = gx{Rwo{S{uj{u)))F^^^~^®.. .®Fp^^~^®Vwo.x)- 


In particular for u = we get 

K^gx{Fp^^~'^ ®...® Fp^^~^ ® Vyy^.x) = 9x{Ky,^(^)Fp^^~'^ ®...® Fp^^~^ ® Vy,^.x) 

= v‘'{wo.X){Ky,^(^))gx{Fp^^~'^ ®...® Fp^^~^ ® Vyy^.x) 

where 


N N 

c= {wo{g.)\^aiP^ + '^l3i). 
2=1 2=1 
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we have 


(y-Py,,(yPX)) 

=^(’"o(m)I E^l aiPi+2p) ^-{p\woiy)) 

—yi^oMl'E^i ^il^^+P'lyMp) 

_^(™o(/i)| J2^^i “ift+p)^-(p|™o(M));^('^^^ 

=^,(’«o(p)|E'Liaift)A(if^). 

Setting the a^’s equal to zero we get X{Kf^). So g\ has weight A. We want to 
show that g\ generates DM'^°{X) over Uy. 

Let M € N^, M = (mi,... ,m]v). An element in DM'"°(X) is a linear 
combination of elements of the form gM defined by: 

9 m ^ ^ - ■ ■ 0 ^ 0 ^wo-A) — ^ai,mi ' ' ' • 


This is because of the way the dual module is defined (as the graded dual). We 
want to show that gM G U^gx by using induction over mi + ■ • • mjv- Note that 
5(0,....0) = 5 a so this gives the induction start. Assume M = (mi,... ,m]si) G 
N^. Let i be such that = • • • = m^+i = 0 and m^ > 0. By induction 
we get for M' = (0,...,0,mj — 1, mj_i,..., mi) that gM' G U^gx. Now let 
Uj =u}{S-^{R-l(Fp.))). Then 

«j-5a(F^7^-^ 0 ... <8 ) ® u„„.a) = 0 ... ® ® u^^.a). 

From Lemma [2. 171 we get for r > j (setting k = {/3j,P({)) 


p p-a _ -akp-a -ak-ia+l)i 

i>l 


a + J — 1 

i 


J/3. 


F^-;-“ad(F^J(u). 


But gM' is zero on every Fp^^~^ ig)... 0 Fp^^~^ 0 Vwg,x where one of the a^’s 
with i > j is strictly greater than zero. This coupled with the observation above 
gives us that 


Uj9m'{F^;^ ^0...0F^^^^ ^0Vy,g.x) 

=gM'(v‘^Fp^^-^ 0...0 (g)... (g) g) Vygg.x) 

=v‘'gMiFp^^~^ 0 ...0 Fp°'^~^ 0---0 ® u ^ o - a ) 

where c is some constant coming from the commutations. We see that gM = 
v~‘^UjgM' which finishes the induction step. 

So in conclusion we have that DM‘^°{X) is a highest weight module with 
highest weight A. So we have a surjection from M(X) to DM'^°{X). But since 
the two modules have the same character and the weight spaces are Hnite di¬ 
mensional the surjection must be an isomorphism. □ 


Proposition 3.10 Let M be a Uy-module, /3 G and let w G W. Assume 
Siy ■ • ■ Sig is a reduced expression of w and Fp = ■ ■ ■ Rs,^{Fa:) for some 

a G n such that l(saw) > l{w) (so we have w(j3) = a). Then 


"(SviFp) 0u„ M) ^ Sy(Fy,) 0u„ ^M. 
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Proof. Define the map ip : Sy{Fa) ® —)• '^{Sy{Fp) ® M) by 

pinF^"^ ®m) = Ryj-i {u)F^"^ (g) to. 

This is obivously a f7„-homomorphism if it is welldefined and it is a bijection 
because Ryj-i is a f7„-isomorphism. We have to check that if uF~"^ = u'F~^ 
then Ryy-i{u)Fp™‘ = Ryj-i{u')F~^ and that p{uF~'^u' ® to ) = p{uF~'^ 0 
Ryj-i{u')m) but uF^™- = u'F^'^' if and only if F^'u = F^u'. Using the 
isomorhpism Ryj-i on this we get F^ Ryj~i{u) = F^Ryj-i{u') which implies 

Ryj-i{u)Fp^ = Ryy-i{u')Fp^ . Foi the other equation: Since we only have the 
definition of p on elements on the form uF~™®m assume F~"^u' = uF^"^. This 
is equivalent to u'F^ = F^u. Use Ryj-i on this to get Ryj-i{u')F^ = FJ^u or 
equivalently F^'^Ryj-i^u) = Ryj-i{u)F~'^. Now we can calculate: 

p(uF~'^u ® to) =p{uuF~™ (g) to) 

=Rw-i {uu)Fp'^ (g TO 
= RW-1 {u)Ryy-l (U)F^™ (g) TO 

= Ry,-l{u)Fp‘^ 0 Ryy-l(u')m = p(uF~"^ 0 Ryj-l(u)m). □ 
Proposition 3.11 w G W. If s is a simple reflection such that sw > w then 


Proof. Let a be the simple root corresponding to the simple reflection s. By 
Proposition 13.21 we get for M a {7i,-module: 

Ts^M = M) =*"'(5„(i?^-i(F„)) 0uy 0Uy M) 

^*r(5„(i?„-i(F„)) 0Uy 0Uy M)) 

=‘^{Sy{Fy,)0ur{S: ®UyM)) 

where the last isomorphism is the one from Proposition 13 .1 ()1 □ 

4 Twisting functors over Lusztigs A-form 

We want to define twisting functors so they make sense to apply to Ua modules. 
Note first that the maps Rs send Ua to Ua- 

Recall that for n G N with n > 0 and Fp a root vector we have defined in 
Uv(F^) 

d'”’ = W-Fp (4) 

i.e. d-’ = (d”’)'‘- 

Definition 4.1 Let s be a simple reflection corresponding to a simple root a. 
Let S\ be the U a- sub-bimodule of S'® = Sy{Fa) generated by the elements 
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Note that S\ (8)^ Q('y) = S^. 

Proposition 4.2 In Uv{5l2) let E,K,F be the usual generators and define as 
in ]Lus90^ the elements 


Then 


'K;c' 

t 


n 


j^yC—n+l _ j^—l^—c+n — 1 
yS _ y-S 


pi-s)p-ipir) _ ^ 
i=0 


K]r — s — t — 2 
t 


pi-s-t) p-l _ 


Proof. This is proved by induction over r. We define as in |,Tan96| 

Kv‘^ - 

V — v~^ 

From [Jan96| we get = F^~^^E + [s + 1]F^[K, —s] so 

F-^-^E = EF-^-^ + [s+l]F-^[K-, -s]F-^-^ = F;F-'*-i + [s+l][if; -2-s]F-^-‘^ 

and multiplying with [s]! we get 

pi-s)p-ip ^ Epi-^)p-i + [K; -2 - s]F^-^-^^F-\ 


[K;c] = 


K-c 

1 


This is the induction start. The rest is the induction step. In the process you 
have to use that 

or equivalently that 

[r — t][K\r — s — t] + \t][K-,—s — t] = [r\[K-,r — s — 2t]. 

This can be shown by a direct calculation. □ 

We could have proved this in the other way around instead too to get 

Proposition 4.3 


K'r — s — t 
t 


K',r — 1 — s — t 
t - 1 


[K;-s-t] = 


K-,r — s — t — 1 
t 


p(r) p(-s) p-i 


pi-s-t) p-i 

t=0 


K;s + t — r + 2 
t 




The above and Corollary 12. 191 shows that Sa{F) is a bimodule. We can now 
define the twisting functor corresponding to s: 

Definition 4.4 Let s be a simple reflection corresponding to a simple root a. 
The twisting functor T^ : Ua -Mod —>■ Ua -Mod is defined by: Let M be a Ua 
module, then 

T^{M)=-^{Sa{Fc.)®u^M). 
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Note that Tf{M) Q{v) = Ts{M Q(f)) so that if M is a Q{v) module 
then = Ts on M. 

We want to define the twisting functor for every w G W such that if w has 
a reduced expression w = Si^ ■ ■ ■ Si^ then o • • • o . As before we 

define a ’semiregular bimodule’ = Ua show this is a 

bimodule isomorphic to S'^(Ajg^) '^Ua ’'' ®Ua Sa{Fi 3 ^). 

Theorem 4.5 S'a '■= Uis a bimodule isomorphic to Sa{Fp^)®Ua 
• ■ • ®Ua ^a{Fp^) and the functors Tf, s € 11 satisfy braid relations. 

Proof. Note that (w) can be seen as an A-submodule of U~ (w) and similarly 
U^{w)* can be seen as a submodule of U~{w)*. So we have an injective A 
homomorphism 

QW . QW 

‘^A ^ ’ 

Assume the length of w is r and w = Si^w', l{w') = r — 1. We want to show that 
the isomorphism pr from Proposition 15.21 restricts to an isomorphism S'a —t 
5a (P/3 J ®Ua 5a'- 

Assume / S U^(w) is such that / = g ■ f^ meaning that f{xF^) = 
g{x)Sm,n, (x G u^{w'), n G N) where g G U^{w')*. Then = [m]p^\fm where 
fm is defined like in Proposition 13.21 and for u G Ua we have therefore 

LPr{u ® f) = uFp^"^'‘Fp^ ®{l®g) 

which can be seen to lie in SA{Fp.^) ®u a F'a ■ The inverse also restricts to a map 
to the right space: 

Fp^ (g) (1 (g) g)) (g> (1 (g g)) 

= [m], 3 ^!it(g)/m ■ g 

=u® fm- 9- 


The maps are well defined because they are restrictions of well defined maps 
and it is easy to see that they are inverse to each other. 

As in the generic case we get a right module action on S'^ in this way. 
This is the right action coming from restricted to S’a- So now we have 
S'a = Sa{Fp^) ®Ua ■ ■ ■ ®Ua Sa{F/ 3 ^). Showing that the twisting functors then 
satisfy braid relations is done in the same way as in Proposition 13.Ill □ 

Now we can define o ■ ■ ■ o if ic = Si^ ■ ■ ■ S/j is a reduced 

expression of w. By the previous theorem there is no ambiguity in this definition 
since the Tf's satisfy braid relations. 

It is now possible for any A algebra R to define twisting functors [//j-Mod— 
Un-Mod. Just tensor over A with R. 

F.x. let i? = C with z; i-A 1. Sa{Fp)®a'U is just the normal 5® = f7(y^)/17 via 
the isomorphism uF^ (g 1 i—> where u is given by the isomorphism 

between U^ ®a C and U~. 

Theorem 4.6 Let R be an A-algebra with v G A being sent to q G P\{0}. Let 
A : U^ -A R be an R-algebra homomorphism and let Mn{X) = Ur ®jj>o R\ be 
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the Ur Verma module with highest weight X where R\ is the rank 1 free - 
module with acting trivially and acting as A. Let D : Ur —>■ Ur be the 

duality functor on Ur — Mod induced from the duality functor on Ua Ua- 
Then 

T^^Mr{X) ^ DMr{wo.X). 


Proof. The proof is the almost the same as the proof of Theorem 13.91 We have 
by Corollary Urni (setting k = 

t>l 

Define for M = (mi,..., mjv) € N the function 




( —Ol) ITl —1. 


1 if oi = mi... ojv = rriN 

0 otherwise . 

Note that g(o,,,,,o) = ffA from Theorem 13.91 In particular it has weight A. We 
want to show that DM'ff°{X) = Dijg(o,....o)- We use induction on the number of 
nonzero entries in M. Assume j is such that m^v = ■ • • = m^+i = 0 and mj = 
n > 0. Let M' = (0,... ,0,0,mj_i,... ,mi). By induction gM' G b^i?3(o,....o)- 
Setu = a;(5-i(i?-i(P^f))). Then 


WgM'(Ag„ " Fp^ ® 

■ • (g) O U^O.a) 


/..Cl ^ 77'//—1 77’ —1 

-9M'[q tZT— i-^/3. ^Bn 


[nW- 




>F, 


( —o-i) 77—1 


01 


01 




=9M'{q‘' 


( —Qat)^—1 


Ab,'- 


- F' 
\^Bn 


Bn 




'K 




Bi 


Bi 


'Vwo.\) 




fti.y, 


( i^j ^)) 1 I 




if n < ttj 
otherwise 


for some appropiate integers ci,..., C 71 G Z. gM' is nonzero on this only when 
n = Qj. So we get in conclusion that ugM' = This finishes the 

induction step. □ 


5 5(2 calculations 

Assume g = 5(2. Let r G N. Let Ma{v^) be the UA{^h) Verma module with 
highest weight u’’ G Z i.e. Ma{v'^) = Ua < 8 iy>o A.„r where Ayr is the free U^ - 

module of rank 1 with U^ acting trivially and AT • 1 = g’". Inspired by |And03| 
we see that in 5(2 we have for r G Z the homomorphism (p : Ma(v’') —>■ DMa{v'’) 
given by: 
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Let {wi = F^'‘^wo} be a basis for Ma{X) where wq is a highest weight vector 
in Ma{v'^) and let {w*} be the dual basis in DMa{X)- Then 


Checking that this is indeed a homomorphism of Ua algebras is a straightforward 
calculation. 

By Theorem 14.61 we see that DMa{v'^) = In the following section 

we will try to say something about the composition factors of a Verma module 
so it is natural to consider first sl 2 Verma modules. 

Definition 5.1 Let g = s^. Let r G N. Then Ha{v^) is defined to be the free 
Ua{s^ 2 )-module of rank r + 1 with basis cq, ... ,er defined as follows: 



Kci =v 

= 

= 


r — 2i 


K]c 

t 


i 

n 

T — % 

n 


— 

Ci-n, n G N 
Ci+n, n G N 


r — 2i + c 
t 


Ci 


for i = 0,... ,r. Where e<o = 0 = e>r. 

Lemma 5.2 Let g = sl 2 . Let r G N. Then we have a short exact sequence: 

0 ^ DMa{v-^~^) Ma{v^) Ha{v^) 0 . 

Proof. We use the fact that DMa{v~^~'^) = Tf^MA{v'^) by Theorem 14.61 Let 
Ci = Fb) Wo where wq is a heighest weight vector in Ma{v‘^). We will construct 
a C/^-homomorphism span^ {ei|i > r} —)■ DMA{—r — 2). Let r be as defined 
in |Jan96| Chapter 4. Note that in Ua(f) S{t{F)) is invertible so we can consider 
S and r as automorphisms of Ua{f)- We define a map by 

e,+,^(-l)’'+*F(r(F(-‘-i)))u;o 

Note that for 5\.2 Rs = S o t o w. Using this and the formula in Proposition 14.21 
it is straightforward to check that this is a [7.4-honiomorphism. □ 

If we specialize to an A-algebra R with R being a field where v is sent to a 
non-root of unity q £ R we get that MR^q^) = Ur ®Ua Ma{v^) is simple for 
fc < 0. So in the above with r G N, DMR{q~''~'^) = MR{q~''~'^) = LR{q~'"~^) 
and actually we see also that HR{q^) = LR{q''). So there is an exact sequence 

0 ^ LR{q-^-^) Mniq-) Lniq^) 0 . 

So the composition factors in MR{q^) are LR{q^) and LR{q~^~^) = LR^s.q'") 
where s is the simple reflection in the Weyl group of s[ 2 - 
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6 Jantzen filtration 


In this section we will work with the field C and send n to a non root of unity 
q € C*. We define Uq = Ua (S'a C, where Cq is the A-algebra C with v being 
sent to q. These results compare to the results in [And03] and [AL03] . 

Let A be a weight i.e. an algebra homomorphism Uq ^ C and let M(A) = 

Uq ^jj>o Ca be the Verma module of highest weight A. Consider the local 
ring B = C[A](x-i) and the quantum group Ub = Ua B. We define 
\X : C/° —> i? to be the weight defined by {\X){K^) = X{K^)X and we define 
Mb{\X) = Ub ^tt>o B\x to be the Verma module with highest weight \X. 

Note that Mb(XX) (g)^ C = M(X) when we consider C as a B-algebra via the 
specialization A i—1 

For a simple root G 11 we define Mb i{XX) := UB{i) <8>rr>o Bxx, where 

UB{i) is the subalgebra generated by 17^° and We define Mg ^{X) := 

((%(*) UB{si)*) <E>UB(i) MB,i(si.X)) where the module (C/b(0 ®UB{si) 

UB{si)*) is a C/B(i)-bimodule isomorphic to SB,i{Fa^) = {UB{i)){Fa.)I^B{i) by 
similar arguments as earlier. 

Proposition 6.1 There exists a nonzero homomorphism tp : Mb{XX) —> (•^^) 

which is an isomorphism if qPX{Ka) ^ and otherwise we have a short 

exact sequence 


0 Mb{XX) 4 Mff{XX) M(s„.A) ^ 0 

where we have identified the cokernel Mg°‘{sa-XX)/{X — 1 )Mb(sq,.AA) with 
M{Sa.X). 

Furthermore there exists a nonzero homomorphism ip : Mg°‘ (AA) —>■ Mb{XX) 
which is an isomorphism if qPX{Ka) ^ Fqa^° and otherwise we have a short 
exact sequence 

0 ^ MffiXX) % Mb{XX) M(A)/M(so.A) ^ 0. 


Proof. We will first define a map from MB,i{XX) to 

{iUBii)){Fc)/UBii) ®Ub MB,iiSa-XX)) . 

Setting A' = AA define 


where 


= (-l)"<7r("+i)A'(A„rn 




qj-^X'iK^) - qj-^X'iK^y 
Qi - 7a * 
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So we need to check that this is a homomorphism: First of all for fj. € Q. 

0 vs^.x' 0 

=<?(”+!)("“(^)l“) (Sa. A') (^) )Fi-") F -1 0 . V 

=^-(n+i)(p|«)g-(p-«|p)g(p|p)A'(X^)F^-")F-i 0 Vs^.y 
=^{K^F^:^\y). 

We have 

• anF^-^^F-^ (S>Vs^.y =a„Rs,iEa,,)Fi-^^F-^ ^vs^.y 
= - anF^K^Fi-^^F-^ 0 v,^.y 
= - Sa-X'{Ka)[n]aanFj^~”^+^'>F~^ <S'Vs^.y 

= - g2"A'(i^-i)H„a„Fi-+i)F-i 0 


and 


V Qa-qa J 

V qa-qa J 

so we see that ip{EaFi'^\y) = Ea ■ (p{F^'^vy). Clearly (p{Ea'Fi"'^vy) = 0 = 

Ed' ■ anFi~^'^F~^ 0 vx' for any simple a' ^ a so what we have left is Fa'- By 

Proposition 14.31 

Fd-anFi-^^F-^(^Vs^.y 
=a„i?,.(F„)Fi-")F-i 0 vs^.y 
= - anK-^EdFi-^'>F-^ 0 vs^.y 
= - n + 2] 0 v,^.y 

r," \u ly-i'j 

qa- qF 

and 


= - O-nqa 
= - anq'o 


qa-qa^ 


2(n+l)^/j'^ ■^ qgX'jKd^) qg'^X'{Kg) 


>Vs^.y 


<p(EdF("^vx) =ln+l]d<p(F(^+^^vx) 

= [n + l]Qa„+iF^“"“^^F“^ 0 vx 

so we see that ip{FaFj^\x) = Eg ■ Lp{Fj^\x)- 

Now note that if \{Kg) ^ then X — 1 does not divide a„ for any n G N 
implying that a„ is a unit. So when X{Kg) ^ ±9^, is an isomorphism. If 


• A' 
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X{Ka) = eq^ for some e € {±1} and r G N we see that X — 1 divides a„ for any 
n > r so the image of ip is 

span^ ® < J"! + (-’f - 1 ) spang ® > »"} • 

Thus the cokernel ^{X)/lmp is equal to 

spang iSiVs^.yln > r| /(X - 1) spang F~^ Vs^.\>\n > r| 

which is seen to be isomorphic to -{si.X')/{X — l)Mg-(sgA'). 

If X{Ka) ^ ±g^ then obviously we can define an inverse to p,ip '■ Ffg\{X') —> 
MBi{X'). If X{Ka) = eq^ for some e € {±1} and some r € N we define 
ij : M*v(A') ^ Mg.,(A') by 

i’{Fi-'^^F-^®Vs^.x') = 

(note that for all A and all n G N, {X — 1)^ /fa„ so G B). This implies 

poip = (Af — 1) id and tpop = (Af — 1) id. Using that 93 is a C/g-homomorphism 
we show that ip is: For u G Uq and v G Mg j(A'): 

{X — l)ip{uv) = ip(up(ip{v))) = ip{p(uip{v))) = (X — l)uip{v). 

Since B is a domain this implies ip{uv) = uip{v). 

We see that X — 1 divides for any n < r so the image of ip is 

{X - 1) spang |n < r| + spang |n > r| . 

Thus the cokernel MspiX)/ Imip is equal to 

spang |f^”^ua'|»^ <r^/{X - 1 ) spang |f^”^ua'|’^ < ’"j 

which is seen to be isomorphic to 

Mg.,(A)/Mg.,(sQ..A). 

Now we induce to the whole quantum group: We have that 

Mb(A') = Ub ®UB(i) FIb,i{XP) 


and 

=*“ ({Ub ’^Usisi) 1Ab(s,)*) ®(7b ^b ®ijg° 

= *• {{Ub ®UB(i) UbH) ®UB(si) UB{Si)*) ®g|0 By^ 

= Ub ®UB{i) {(UBii) ®UB{si) UB{Si)*) ®g|0 By^ 

= Ub f^iUBii) ^B,ii^') 

SO by inducing to C/s-modules using the functor Ub ®UB{i) ~ ^ map 

p : Mb{X') -g Mg (A') and a map ip : Mg (A') -G Mb{X'). This functor 
is exact on Mbp{X') and MgF(A') so the proposition follows from the above 
calculations. □ 
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Proposition 6.2 Let A : C/° —5> C 6e a weight. Set X' = XX. Let w G W 
and a G H such that w{a) > 0. There exists a nonzero homomorphism ip : 

that is an isomorphism if ^ ±( 7 ^^° and other¬ 

wise we have the short exact sequence 

0 —>■ Mg{X') Mf^^°‘{X') —> JXL^{sii,(^ci)-^) 0 

where the cokernel {sui{a).X')/{X — l)Mg'^°‘ {suj(a)-X') is identified with 

M-^is^^^yX). 

Furthermore there exists a nonzero homomorphism ip : Mg^°‘ (XX) —^ Mg{XX) 
which is an isomorphism if q'’X(K^(^f^'f) ^ ±( 7 ^^° and otherwise we have a short 
exact sequence 

0 ^ ^ Mf^iX') -G M“(A)/M“(s„(„).A) ^ 0. 

Proof. Let p = w~^.X and p' = pX then from Proposition 16.11 we get a ho¬ 
momorphism Mb{p') -g Mg°‘{p') and a homomorphism Mg°‘{p') —)> Mb{p'). 
Observe that 


qPp{Ka) =w ^.X{Ka) 

=w~'^{qPX){Ka) 

=q(p|» 0 ))A(x^(^)) 

= ( 9 '’A) (it:„(a)) 

so Mb{p') M^{p') Sund (p') —>• Mb{p') are isomorphisms if (q^X) (ifu,(a)) ^ 
±( 7 a^“ and otherwise we have the short exact sequences 

0 ^ Mb{p') -G Mf^^ip') -G M{p') -G 0 


and 

0 ^ M%-{p') -G Mb{p') M{p')/M{sc,.p') -G 0. 

Now we use the twisting functor on the homomorphisms Mb(p') — t 
(p') and (p') Mb{p') to get homomorphisms tp : Mg (A) —5> Mg’^°‘ (A) 
and ip : M]^®“(A) —>■ Mg{X) (using the fact that T^oTg^ = T^js^). We are done 
if we show that T^, is exact on Verma modules. But 

T^Mb{p') =“ (iUg{wy Ub) ®Ub Ub B^>j 

{{Uy{wr®g-^^^UB)®g>_0 B,) 

=“ {uy{wr®g-^^^Uy®cB,) 

as vectorspaces and Ug modules. Observing that Uy is free over Uy{w) we get 
the exactness. □ 

Fix a weight A : C/° ^ C and a w G W. Define $+(ri;) := O = 

{/3 € $+|w“^(/3) < 0} and $^(A) := {/3 G $+|( 7 ^A(iL^) G ig^}- Choose a 
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reduced expression of wq = Si-^ ■ ■ ■ such that w = Si^ ■ ■ ■ Si^. Set 

^ ^ i-wsx^---si^_^iai.), iij<n 
^ [wsii • • ■Si^_i(ajj), ifj>n. 

Then $+ = {/3i,.. . ,/3n} and = {/3i,... ,/3„}. We denote by the 

composite 

M“(AX) (AX) M^“'“(AX) 

where the homomorphisms are the ones from Proposition 16.21 i.e. the first n 
homomorphisms are the ^’s and the last N — n homomorphisms are the (/s’s 
from Proposition 16.21 We denote by 'I'“'(A) the C/g-homomorphism M'^(XX) —>• 
M‘^'^°{\X) induced by tensoring the above C/^-homomorphism with C consid¬ 
ered as a B module by AT i—>■ 1. 

In analogy with Theorem 7.1 in |AL03) and Proposition 4.1 in [And03| we 
have 

Theorem 6.3 Let X : ^ C be a weight. Let w G W. Then there ex¬ 

ists a filtration of M'"(X), M'"(X) D M’"(A)^ D ••• D M'^(XY such that 
M'"(A)/M“(A)i ^ Im4'“(A) C M’"’"«(A) and 

r 

^chM“'(A)*= {chM(X)-chM(si 3 .X)) 

i—1 /3G$+(A)n^'+( ib) 

-I- Y, chM(s/ 3 .A). 

/36<I>+(A)\<I>+(-u)) 

Proof. Set A' = AX. Define for * € N 

M^(X'y = {mG M^(A')|4'b(A)(to) e (X - (A')}. 

Set M'^(Xy = 'K(Mg(X'y) where tt : Mg(X) M“(A) is the canonical ho¬ 
momorphism from Mg(X) to Mg(X)/(X — l)Mg(X) = M“’(A). This defines a 
filtration of M“'(A). We have M“'(A)'^+^ = 0 so the filtration is finite. 

Let ^ : f7g —5> C be a weight. Set /r' = fxX. The maps LpJ (A) restrict to weight 
spaces. Denote the restriction ipJ{X)f^>. Let 'L^(A)^' : Mg(X)^' —>■ M'Y^°(X)^' 
be the restriction of t' weight space. We have a nondegenerate 

bilinear form (—, —) on M(A')^' given by (x, y) = (^'^(A)^'(x)) (y). It is nonde¬ 
generate since 4'^(A) is injective. Let i/ : B C he the (X — l)-adic valuation 
i.e. v{b) = m if 6 = (X — !)"*&', (X — 1) j" b'. We have by [HumOSl Lemma 5.6] 
(originally Lemma 5.1 in |Jan79) f 

^dim(M;j)^ = z/(det 
j>i 

Clearly z/(det'I'^(A)^/) = ^^(det </5“'(A)^/) and the result follows when we 

show: 

:^(deti^“(A)^/) = dime (coker (^“(A)^/) . 

Fix ip := py{X)^i and let M and N be the domain and codomain respectively. 
M and N are free B modules of finite rank. Let d be the rank. We can choose 
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bases mi,...,m^ and ni,...,such that ip{mi) = Uirii, i = 1,... ,d for some 
ai G B. Set C = coker B/{ai) and set Cc = C iB/{X — l)B) = 

C C where C is considered a B-module by X i—>■ 1. Note that 


B/{ai) (8)b C = 



if {X - l)|ai 
otherwise 


so dime Cc = #{i\v{ai) > 0}. Since there exists & ip : N ^ M such that 
ip o Ip = (X — 1) id we get iy{ai) < 1 for all i. So then dime Cc = !^(det (p) and 
the claim has been shown. □ 


7 Linkage principle 

Let i? be a field that is an A-algebra and q G R the nonzero element that v 
is sent to. As usual we can define the Verma modules: Assume A : Ufi R 
is a homomorphism. Then we define Mb{X) = Ub ®rr>o R\ where R\ is the 

onedimensional i?-module with trivial action from and acting as A. There 
is a unique simple quotient Lfi{X) of Mb.{X). 

Let a = ai G n. Consider the parabolic Verma module M/j i(A) := UB.{i)®jr>o 

R\, where f7u(z) is the submodule generated by 17^° and Fa-. We get a map 
Af|, ^(A) := ®((Cfi(z) ‘S)UR(si) UR{si)*) ^Uaii) Mr^^{s.X)) where the 
module {UR{i) ®UR{si) UR{si)*) is a 17fl;(z)-bimodule by the similar arguments 
as earlier. Inducing to the whole quantum group and using T^, we get a homo¬ 
morphism 

M]^(A)^Mr“(A) 

So we can construct a sequence of homomorphisms (/3i,..., (/Sjv 
Mr{X) ^ (A) ^.= DMr{X). 

We denote the composition by dt. Note that the image of dt must be the 
unique simple quotient Lr{X) of XIr{X) since every map M{X) —J- DM{X) 
maps to the unique simple quotient of M{X) (by the usual arguments e.g. like 
in [HumOSl Theorem 3.3]). 

First we want to consider some facts about the map p : M^{X) —>■ M^®“(A). 
Let Ma{X) denote the Ur{sI{2)) Verma module with highest weight X{Ka). We 
will use the notation Mp^ (A) for the parabolic UR{i) Verma module Ur^I) ®^>o 
R\. The map p was constructed by first inducing the map of parabolic modules 
and then using the twisting functor T^,. 

Assume the sequence of Ur{s{ 2 ) modules Ma{X) —>■ Ma{X) —>• Qa{X) —>• 0 is 
exact (i.e. QaiX) is the cokernel of the map Ma{X) -G Ma{X)). Inflating to the 
parabolic situation we get an exact sequence Mp^ (A) —>■ Mp^ (A) —> Qp^ (A) —>• 

0 where Qp„(A) is just the inflation of Qa{XP) to the corresponding parabolic 
module. 

Inducing from a parabolic module to the whole module is done by applying 
the functor M Ur ®-u{i) ^ ■ This is right exact so we get the exact sequence 
Mr{X) —^ Af^(A) —>■ Qr{X) —^ 0 where Qr{X) = UR®ij^(^i'j Qpd^)- 
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Assume we have a finite filtration of (5a(A): 

0 = Qo C Qi C • • • C Qr- = Qa(A) 

such that Qi+ijQi = La{ni). So we have after inflating: 

0 = Cl Qp^^i c • • • c Qp^^r — Qpcti.^) 

such that Qp^^i+i/Qp^,i = Lp^ifii). 

That is we have short exact sequences of the form 

0 —>■ Qpa,i Qpa, i+l Lp^lni) —>■ 0. 

Since induction is right exact we get the exact sequence 

QR,i QR,i+l 0 

where Qr^i is the induced module of Qp^^i and Lp^(fj,i) is the induced module 

^Pa (M*)' 

Starting from the top we have 

QR,r-l QrW Lpa{l^r-l) 0 

so we see that the composition factors of (A) are contained in the set of 
composition factors of and the composition factors of Qr^-i- By 

induction we get then that the composition factors of Qr^t-i are composition 
factors of Lp^ i = 0,..., r—2. The conclusion is that we can get a restriction 
on the composition factors of Qr{X) by examining the composition factors of 
induced simple modules. 

Let L = Lp^ (fx) be a simple parabolic module and let L be the induction of 
L. Then because induction is right excact we have 

Mnifi) -5- L 0. 

So the composition factors of L are composition factors of Mr{^). This gives 
us a restriction on the composition factors of Mr{X): 

Use the above with ru^^.A in place of A and use the twisting functor on 
the exact sequence Mr{w~^.X) —>■ .X) —?■ Qr{w~^.X) - 5 - 0 to get 

M^iX) ^ M^%X) ^ Q^iX) ^ 0 

where Q^^(A) = T^iQn {w ^.A)). Add the kernel to get the 4-term exact se¬ 
quence 

0 ^ iLr(A) ^ M]^(A) ^ Mr(A) ^ Q^^(A) ^ 0 

Since chM^{X) = chM]^'*(A) we must have chAr^'*(A) = ch(5^®(A). 

So we have a sequence of homomorphisms (pi 

Mr{X) n (A) ^ M““(A) = DMr{X) 
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and these maps each fit into a 4-term exact sequence 

0 ^ K^%X) ^ M^iX) ^ Mr(A) ^ Q^^(A) ^ 0 

where chiir^®(A) = ch(5^®(A). In particular M]^(A) —> M]^^(A) is an isomor¬ 
phism if the corresponding s [2 map Mq('u;“^.A) —> DMa{w~^ .X){= .X)) 

is an isomorphism. If the sl 2 map is not an isomorphism then we have a restric¬ 
tion on the composition factors that can get killed by the map .X) —^ 

M^{w~^.X) by the above. To get to the map M^(A) —>■ M^®(A) we use 
which is right exact so we get a restriction on the composition factors killed by 
M“(A) ^ M“®(A) too: 

Fix a. From the above we know that a composition factor of Qr{X) is a 
composition factor of Lp^(fx) for some p where La.{^) is a composition factor of 
Ma{X). Use this for w~^.X and use T^j. So we get that a composition factor of 
Q'rW i® ^ composition factor of TyjLp^{ii) with /i as before. Since T^, is right 
exact we have that 

TwMr{^i) T^Lp^{p?j —> 0 

is exact. Since chru,M/j(/i) = chM/j(r(;.p) we see that a composition factor of 
Q'^^{X) must be a composition factor of a Verma module Mr(w.^) where p is 
such that La{fJ,) is a composition factor of Ma{w~^ .X). 

Definition 7.1 IFe define a partial order on weights. We say p < A if p,~^X = 
Jor some a* G N where —> C is the weight with pr^{Ka) = 

Pl{K~^) for all a G 11. 

For a weight v of the form v = (^i=^ “*“• with a* G N we call 
height of v. 

Note that for a Verma module M{X) we have p < A for all p G wtM{X) 
where wt M (A) denotes the weights of M (A). 

Definition 7.2 Let p., A G A. Define p, ^r X to be the partial order induced by 
the following: p is less than X if there exists a w G W, a G 11 and r G A such 
that p = w.v < X and Lalv) is a composition factor of Ma{w~^.X). 

i.e. p^R X if there exists a sequence of weights p = pi,..., pr = X such that 
Pi is related to Pi+i o,s above. 

We have established the following: 

Proposition 7.3 If Lr{p) is a composition factor of Mr{X) then p^r X. 

Proof. Choose a reduced expression of wq and construct the maps cpi as above. 
If Lr{p) is a composition factor of Mr{X) it must be killed by one of the maps 
ifi since the image of dt is Lr{X). So Lr{p) must be a composition factor 
of one of the modules Q'^{X). We make an induction on the height of p~^X. 
If p~^X = I then X = p and we are done. Otherwise we see that Lr{p) is 
a composition factor of one of the (5^(A)’s. But every composition factor of 
(5^(A) is a composition factor of M{v) where v ^r X and v < X. Since v < X 
the height of p~^v is less then the height of p~^X so we are done by induction.□ 

In the non-root of unity case ti? is equivalent to the usual strong linkage: p 
is strongly linked to A if there exists a sequence pi with p = pi < p 2 < • ■ • < 
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fir = ^ and fii = sp^.fii+i for some positive roots Pi (remember that if /3 = w{a) 
then sp = wSaW~^). 

In the nonroot of unity case we see that Ma{w~^.X) is simple if 
qPw-\XiKr,)^±ql>°. 

Otherwise there is one composition factor in Ma(w~^.X) apart from La(w~^.X), 
namely La{saW~^.X). So the composition factors of are composition factors 
of Mfi{wSaW~^ .X) = Mfils^fa^.X). Actually = M'^‘^{sru{a)-X) in this case: 

Lets consider the construction of the maps ipi in the above. We start with 
the map Ma{X) —>■ Af*(A) and then inflate to Mp^{X) M^^{X). In the case 
where q is not a root of unity it is easy to see that if qPX{Ka) ^ ±qa^° then this 
is an isomorphism and otherwise the kernel (and the cokernel) is isomorphic to 
Mp^ (s.A) which is a simple module. So after inducing we get the 4 term exact 
sequence 

0 ^ Mr{s.X) Mr{X) M^r{X) M^iis.X) 0 

since induction is exact on Verma modules. Use these observations on rt;“^.A and 
the fact that is exact on Verma modules and we get a map (A) M^®(A) 

which is an isomorphism if qPX{Ka) ^ and otherwise we have the 4-term 

exact sequence 

0 ^ M^{s.X) M^{X) M^^X) M^^{s.X) ^ 0 


Theorem 7.4 Let R be a field (any eharacteristic) and let q G R be a non-root 
of unity. R is an A-algebra by sending v to q. Let X : R be an algebra 

homomorphism. 

Mr{X) has finite Jordan-Holder length and if LrIp) is a composition factor 
of Mr{X) then fifX where f is the usual strong linkage. 

Proof. This will be proved by induction over f. If A is anti-dominant (i.e. 
qPX{Ka) ^ for all a € 11) then we get that all the maps (pi are iso¬ 

morphisms and so Mr{X) is simple. Now assume A is not anti-dominant. A 
composition factor Lr{pl) must be killed by one of the i^^’s so must be a com- 
postion factor of Qr for some w. By the above calculations we see that if 
q^X{Ka) ^ then M^(A) -5- M])'®“(A) is an isomorphism and otherwise 

Q'r = (sa-X). By induction all the Verma modules with highest weight p 

strongly linked to A has finite length and the composition factors are strongly 
linked to p. This finishes the induction. □ 
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